We present expressions of the Pagels-Stokar type for the masses of the W ± and Z bosons in terms of the quark and lepton self-energies. By introducing a genuine new term in the gauge bosonfermion-anti-fermion vertex we manage to accomplish three main achievements: First, we show that the similar results existing in literature lead, in general, to a non-symmetric gauge boson mass matrix and we fix this flaw. Second, we consider the case of any number of fermion generations with general mixing. Third, we include in our analysis also an arbitrary number of right-handed neutrinos, together with the left-handed and right-handed neutrino Majorana masses (self-energies). On top of that, we give also a correction to the original Pagels-Stokar formula for the pion decay constant in QCD.
I. INTRODUCTION
The mechanism of spontaneous symmetry breaking is one of the most important issues of QFT. It is usually assumed to be triggered either by condensation of elementary scalar or by fermion condensates (i.e., more generally, by their dynamically generated masses or selfenergies). The latter is the mechanism of chiral symmetry breaking in QCD and is assumed to happen also, e.g., in the Technicolor theories.
Similar mechanism can be in principle responsible also for the electroweak symmetry breaking in the Standard Model. Indeed, if, by means of some dynamics, the quarks and leptons obtain masses, they will inevitably break the electroweak symmetry. This idea dates back to the old top-condensations models [1] [2] [3] and has been alive ever since.
If the electroweak symmetry is broken, the W ± and Z bosons must obtain masses, proportional to the particular order parameters, i.e., in our case the dynamically generated quark and lepton self-energies. In this letter we present explicit formulae for these masses in terms of the self-energies. We take into account not only the Standard Model fermions, but, motivated by recent studies [4, 5] , also the right-handed neutrinos.
The letter is organized as follows: First in Sec. II we review the traditional approach [6, 7] of tackling this problem on a toy example of Abelian axial symmetry. Next in Sec. III we introduce our principal improvement that will allow us in Sec. IV to apply the method consistently on the electroweak symmetry breaking. In Sec. V we compare our results with those in literature and we conclude in Sec. VI. * p.benes@utef.cvut.cz
II. REVIEW OF TRADITIONAL APPROACH
Consider a theory with Abelian axial U(1) A gauge symmetry, containing a single 1 fermion flavor ψ, charged under it. The corresponding symmetry generator is defined with the gauge coupling constant g deliberately included:
Assume further that the fermion obtains somehow (by means of the U(1) A dynamic itself or by some other dynamics) the proper self-energy −iΣ p = ψψ 1PI . Let us for the simplicity make two technical assumptions: First, that Σ p is a function only of p 2 (and not of / p) and second, that it is Hermitian in the sense Σ p = γ 0 Σ † p γ 0 . These assumptions constrain Σ p to have the form
where Σ p is a complex function of p 2 and P R,L = (1 ± γ 5 )/2.
Such a non-vanishing Σ p breaks spontaneously the U(1) A gauge symmetry and the corresponding gauge boson thus must acquire a mass. This mass can be obtained from the polarization tensor, which is necessarily of the transversal form
. If the form factor Π(q 2 ) develops a pole of the type 1/q 2 , its residue is (in the lowest approximation) just the gauge boson mass squared.
As argued in [6] , the polarization tensor with the desired pole can be calculated from one-loop fermion contribution, with the propagators given by G p = ( / p − Σ p ) −1 , with one insertion of a the bare vertex γ µ T A and with the other insertion of the dressed vertex Γ µ (p ′ , p) (see Fig. 1 ). The point is that Γ µ (p ′ , p) must satisfy the Figure 1 . The polarization tensor Π µν (q). The full blobs stand for the full propagators, while the gray blob is the proper (1PI) vertex function.
Ward-Takahashi (WT) identity
where q = p ′ −p. The WT identity has two consequences. First, it guarantees transversality of the polarization tensor. Second, it implies that, as long as Σ p = 0, the vertex Γ µ (p ′ , p) must have a pole of the type "1/q". It is attributed to the intermediate "would-be" NambuGoldstone (NG) boson, corresponding to spontaneous breakdown of the U(1) A symmetry, and thus must be of the form q µ /q 2 . This pole in the vertex gives in turn rise to the pole in Π(q 2 ) and thus to the gauge boson mass.
The last ingredient we need is hence the dressed vertex Γ µ (p ′ , p). Due to the requirement of the WT identity and correct interpretability of the pole in terms of the intermediate NG boson the dressed vertex must have the general form of the bare vertex plus the NG pole part plus a transversal part:
where q µΓ µ (p ′ , p) = 0. In [7] it is argued that Γ µ (p ′ , p) can be actually neglected:Γ
The argument is that sinceΓ µ (p ′ , p) is transversal, it does not contain the NG pole (∼ q µ /q 2 ). Therefore it can be safely ignored, because it does not contribute to the gauge boson mass (which is approximated by the residue of the pole of Π(q 2 )). Now, having the dressed vertex (3) together with (4), the gauge boson mass m can be straightforwardly calculated using the approach described above. The result can be written as m = gF π , where the NG boson ("pion") decay constant F π is
where the prime denotes derivative with respect to p 2 . This expression for F π is, up to the missing color and flavor number factors, known as the Pagels-Stokar (PS) formula [7] . 
where we defined the transversal quantity
and q ′ = p ′ + p. Notice the appearance of the parameter x, which is now in principle arbitrary real constant. The vertex (6) does not contain any other poles that the NG pole at q 2 → 0: The potential pole at p ′2 → p 2 is canceled by zero in numerator as Σ p ′ → Σ p and for the fraction one just obtains Σ ′ p . The vertex is also linear in Σ p and Σ p ′ , which is fully consistent with the lowest order of the "dynamical perturbation theory", defined in [7] .
Upon accepting the non-vanishing value (6) ofΓ µ (p ′ , p) the PS formula (5) modifies as
Note that all we obtained in this simple Abelian model from generalizing the traditional approach by taking (6) is merely an ambiguity in F 2 π , with no clue which value of x should be the preferred one. In the following section we will see that considering a more complicated non-Abelian theory will allow us to argue on physical grounds in favor of a particular (non-vanishing) value of x.
IV. ELECTROWEAK GAUGE BOSONS
Let us now consider the electroweak theory. To be as general as possible, we will assume n generations of the standard SU(2) L × U(1) Y fermion multiplets and m singlets, a.k.a. the right-handed neutrinos.
We first assume that some dynamics, which we do not need to specify, generates the fermion self-energies, breaking the electroweak symmetry SU(2) L ×U(1) Y down to the electromagnetic U(1) em . For the charged fermions f = f L + f R we assume the self-energies −iΣ f = ff 1PI to have the form
where Σ f are complex p 2 -dependent n × n matrices.
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For the neutrinos one must take into account the possibility that they can acquire, due to their electric neutrality, not only the Dirac, but also the left-and right-handed Majorana self-energies. This is most conveniently accomplished by putting the neutrinos of both chiralities into the same multiplet, the Nambu-Gorkov doublet
and by considering the self-energy −iΣ Ψν = Ψ νΨν 1PI again of the form
where Σ Ψν is a complex (n + m) × (n + m) p 2 -dependent matrix, which is symmetric due to Ψ c ν = Ψ ν . The point is that it naturally contains the Dirac self-energy −iΣ νD P R = ν LνR 1PI , as well as the two Majorana self-energies
where the matrices Σ νD , Σ νL , Σ νR have the dimensions n × m, n × n, m × m, respectively, and Σ νL and Σ νR are symmetric.
To proceed further, we need the dressed vertices of the fermion-anti-fermion pairs with the electroweak gauge bosons. They can be derived by similar reasoning as in the previous Abelian case, i.e., by demanding satisfaction of the WT identities, correct transformation properties under both the continuous and discrete symmetries, Hermiticity, linearity in the fermion self-energies (evaluated only in p ′ and p), linearity in symmetry generators and gauge coupling constants and no poles but the NG ones with correct residues. Again we end up with vertices which are unique up to the ambiguous transversal parts of the type (6), proportional to the yet undetermined constant x.
For the sake of illustration, we present here explicitly only the quark vertices; the lepton vertices would be notationally more complicated due to the Majorana character of neutrinos, but otherwise completely analogous. In the physical (γ, Z, W + , W − ) basis the vertices read
and
As a net result we obtain the gauge boson mass matrix in the form
where in the (A
where the form factor
′ and x and are in general non-vanishing. Now we can spot the problem: The mass matrix (17) for the W ± bosons is not symmetric! This is indeed a pathological situation, as it implies, e.g., different masses for the W + and W − bosons: m
where
(The subscript L is here only to distinguish it from the related, yet different quantity (19) we can see that G 2 ± indeed, in general, does not vanish. In fact, there are special cases when G 2 ± does vanish: E.g., when there is just one generation and at the same time the self-energies Σ u , Σ d are real. But for generic self-energies G 2 ± does not vanish. Now the free constant x comes into play. By setting
we can get rid of the unwanted antisymmetric part of M 2 W ± , irrespective of the actual value ofG 2 ± . The W ± and Z masses then read
The form factors F 2 ± and F 2 0 are given by the sum rules
reason why they did not found any inconsistency regarding the non-symmetricity of the gauge boson mass matrix (or different masses of the W + and W − bosons) was that they considered an oversimplified case of only one fermion generation and real quark self-energies Σ u , Σ d . Had they considered a more general case of Σ u , Σ d being either complex or matrices (or both), they would have obtained a non-symmetric mass matrix for W ± bosons, as can be seen from (19).
In [8] the masses of W ± and Z boson are obtained by calculating not the whole transversal polarization tensor, but only its g µν part. Besides assuming also only one fermion generation and real quark self-energies, the most crude assumption is setting g ′ = 0. Interestingly enough, the authors of [8] still do obtain the formulae equivalent (via integration by parts) to ours for µ 2 f =u,d , µ 2 q , including the correct factors of 1/2 at the derivative terms. However, their method cannot be applied to more general cases like, e.g., theories with different gauge groups, and also upon relaxing the assumption g ′ = 0 it yields wrong results like, e.g., a massive photon.
It is natural to assume that the non-vanishing value (21) of the parameter x, derived in the context of electroweak interaction, should apply also to the Abelian model from Sec. II. Plugging this value into the formula (8) we obtain the corrected PS formula
Notice that the difference from the original PS formula (5) is again just the factor of 1/2 at the derivative term. Pagels and Stokar used in [7] their formula (5) to estimate the value of F π in QCD. They adopted the Ansatz Σ p = 4m 3 /p 2 with the constituent quark mass m = 244 MeV. From their formula (5) they obtained (for two quark flavors) the estimate F π = 83 MeV, which was surprisingly close to the experimental value F π = 93 MeV. Had they used rather the corrected formula (29), they would have obtained F π = 96 MeV, i.e., the agreement would have been actually even better.
VI. CONCLUSIONS
The basic finding of this letter is genuine new term of the type (6) that can be added to the Ansatz for the proper vertex function A µ ψψ . This new term, although transversal, contains the NG pole, corresponding to the spontaneous breaking of the symmetry in question, and hence contributes to the gauge boson mass. It is not, due to its transversality, constrained by the WT identity and hence can be multiplied by any constant x.
We demonstrated that this new term is actually indispensable when calculating the mass matrix of the W ± and Z bosons, when the electroweak symmetry is spontaneously broken by fermion self-energies. We showed that the gauge boson mass matrix comes out in general non-symmetric, unless one considers the vertices with the new terms of the type (6) and with the parameter x set to a specific non-vanishing value.
As a result we provided explicit formulae for the W ± and Z masses in terms of the fermion self-energies. In comparison with the similar formulae in the literature we have achieved two improvements. First, we have corrected them by considering non-vanishing value (21) of x, instead of x = 0. Second, we have generalized them by considering the most general setup with arbitrary number of generations (together with arbitrary mixing) and arbitrary number of right-handed neutrinos (together with left-and right-handed Majorana self-energies). Finally, we have also found a correction to the PS formula for the pion decay constant in QCD, again by assuming the non-vanishing value (21) of x.
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